All codes that generated the data included in the paper are freely available at the GitHub repository <https://github.com/dehurtado/NonOhmicConduction>.

Introduction {#sec001}
============

The conduction of electrical waves in cardiac tissue is key to human life, as the synchronized contraction of the cardiac muscle is controlled by electrical impulses that travel in a coordinated manner throughout the heart chambers. Under pathological conditions cardiac conduction can be severely reduced, potentially leading to reentrant arrhythmias and ultimately death if normal propagation is not restored properly \[[@pcbi.1007232.ref001]\]. At a subcellular level, electrical communication in cardiac tissue occurs by means of a rapid flow of ions moving through the cytoplasm of cardiac cells, and a slower intercellular flow mediated by gap junctions embedded in the intercalated discs. Gap junctions are intercellular channels composed by hemichannels of specialized proteins, known as connexins, that control the passage of ions between neighboring cells \[[@pcbi.1007232.ref002]\]. The regulation of ionic flow through gap junctions has been established for a variety of connexin types and hexameric arrangements, which under dynamic conditions result in a markedly non-linear relation between the electric conductance and the transjunctional voltage \[[@pcbi.1007232.ref003]\], revealing a non-ohmic electrical behavior. Further, it has been shown that ionic flow through cell junctions can take up to 50% of the total conduction time in cultured strands of myocytes with normal coupling levels \[[@pcbi.1007232.ref004]\], and that conduction velocity (CV) is largely controlled by the level of gap-junctional communication \[[@pcbi.1007232.ref001], [@pcbi.1007232.ref005]\], which highlights the key physiological relevance of gap-junction conductivity and coupling in tissue electrical conduction.

Cardiac modeling and simulation has strongly motivated the development of tissue-level mathematical models of electrophysiology, as they have the ability to connect subcellular mechanisms to whole-organ behavior \[[@pcbi.1007232.ref006]\]. To date, the vast majority of continuum models assume a linear conduction model of spatial communication, based on the assumption that electrical current in cardiac tissue follows Ohm's law, i.e, that current is linearly proportional to gradients in the intra-cellular potential \[[@pcbi.1007232.ref007], [@pcbi.1007232.ref008]\]. From a mathematical perspective, the assumption that conduction in cardiac tissue follows Ohm's law is conveniently represented by a linear diffusion term, where gradients are modulated by a conductivity tensor that is independent of the local electrical activity. The most complete electrophysiology formulation is given by the bidomain model \[[@pcbi.1007232.ref009]\] where both the intra-cellular and extra-cellular potential fields are considered. Further, by assuming that the intra- and extra-cellular conductivity tensors have the same anisotropy ratio, the bidomain equations can be conveniently represented by a non-linear reaction-diffusion partial differential equation known as the monodomain (cable) model \[[@pcbi.1007232.ref010]\].

Using two-scale asymptotic homogenization techniques, analytic expressions have been obtained for the effective conductivity tensor, which is then used to model the electrical current in an average macroscopic sense \[[@pcbi.1007232.ref011]--[@pcbi.1007232.ref013]\]. To this end, periodicity at the microstructural level of cardiac tissue is assumed, and a representative tissue unit is partitioned in regions of high and low conductivity that represent the cytoplasm and intercalated discs with gap junctions, respectively. While this approach allows for the explicit consideration of regions with decreased conductivity, e.g. membranes where flow is mediated by gap junctions, Ohm's law is still assumed to hold throughout the microstructural domain \[[@pcbi.1007232.ref014]\]. As a result, the non-Ohmic behavior of gap junctions and their impact on tissue-level conduction continues to be neglected \[[@pcbi.1007232.ref015]\]. In particular, it has been shown that continuum models that consider effective conductivity tensors described above fail to capture the slow conduction of electrical impulses in cases of low gap-junctional coupling \[[@pcbi.1007232.ref013], [@pcbi.1007232.ref016]\], limiting their applicability to the simulation of pathological conditions in excitable tissue. Non-linear diffusion models that replace the conduction term in the monodomain equation either by a fractional laplacian \[[@pcbi.1007232.ref017], [@pcbi.1007232.ref018]\] or a porous-medium-like diffusive term \[[@pcbi.1007232.ref008], [@pcbi.1007232.ref019]\] have been recently proposed. While these formulations have shown to modulate the shape of propagating waves and other restitution properties, they remain largely phenomenological, and have the disadvantage of not being able to upscale microscopic physical information, neither have been assessed for cases of low junctional coupling.

In this work, we present a multiscale continuum model of cardiac tissue conduction that accounts for the nonlinear communication between adjacent cells. We argue that the explicit consideration of the non-ohmic behavior of gap junctions can be seamlessly embedded into continuum tissue-scale models of electrophysiology using an asymptotic homogenization approach, which delivers nonlinear continuum equations for characterizing the electrical conduction in excitable media.

Methods {#sec002}
=======

Multiscale tissue model for non-ohmic conduction {#sec003}
------------------------------------------------

In the following we consider the microscopic problem of non-linear conduction in a strand of cardiac cells with domain Ω = (0, *L*), see [Fig 1](#pcbi.1007232.g001){ref-type="fig"}. We let *ε* be the cell length, *δε* be the length of gap junctions, and assume that *δε* ≪ *ε* ≪ *L*. Further, we let *u*~*ε*,*δ*~ be the microscopic transmembrane potential field, and *j*~*ε*,*δ*~ be the microscopic current density. The time-independent problem of conduction resulting from current balance reads $$\begin{array}{r}
{- \frac{\partial}{\partial x}j_{\varepsilon,\delta}\left( u_{\varepsilon,\delta} \right) = 0,\mspace{600mu}\mspace{600mu} x \in \Omega,} \\
\end{array}$$ and we note that in writing ([1](#pcbi.1007232.e001){ref-type="disp-formula"}) it has been assumed that the extra-cellular potential is constant along the cardiac strand. We denote the space occupied by the cytoplasm by $B_{\varepsilon,\delta}^{cyt} = \cup_{k = - \infty}^{\infty}\left( \left( k + \frac{\delta}{2} \right)\varepsilon,\left( k + 1 - \frac{\delta}{2} \right)\varepsilon \right)$, and the space occupied by gap junctions by $B_{\varepsilon,\delta}^{gap} = \cup_{k = - \infty}^{\infty}\left( \left( k - \frac{\delta}{2} \right)\varepsilon,\left( k + \frac{\delta}{2} \right)\varepsilon \right)$. Further, we assume that current is governed by Ohm's law inside the cytoplasm with conductivity *σ*~*c*~, but is non-linearly regulated at the gap junctions, which we express by the following microscopic constitutive law $$\begin{array}{r}
{j_{\varepsilon,\delta}\left( u_{\varepsilon,\delta} \right) = - \sigma\left( x,\left\{ u_{\varepsilon,\delta} \right\} \right)\frac{\partial u_{\varepsilon,\delta}}{\partial x}} \\
\end{array}$$ where the conductivity is described by the following relation $$\begin{array}{r}
{\sigma\left( x,u \right) = \left\{ \begin{matrix}
{\sigma_{c},\mspace{600mu}\mspace{600mu} x \in B_{\varepsilon,\delta}^{cyt}\;,} \\
 \\
{{\delta\sigma_{g}}\left( 1 + \mu a\left( S\,\left\lbrack u \right\rbrack_{j,\varepsilon} \right) \right),\mspace{600mu}\mspace{600mu} x \in B_{\varepsilon,\delta}^{gap}\;,} \\
\end{matrix}\operatorname{} \right.} \\
\end{array}$$ where *δσ*~*g*~ is a representative conductivity for the intercalated disc with gap junctions, *μ* is a positive constant, and *a* is a smooth bounded function that depends on the transjunctional voltage jump defined as $$\begin{array}{r}
{\left\lbrack u \right\rbrack_{j,\varepsilon} = u\left( \left( k + \frac{\delta}{2} \right)\varepsilon \right) - u\left( \left( k - \frac{\delta}{2} \right),\varepsilon \right)} \\
\end{array}$$ where *S* is a scaling parameter (*S* ≤ *ε*^−1^). From ([3](#pcbi.1007232.e005){ref-type="disp-formula"}) and the relationship between electrical conductance and conductivity for a cylindrical domain we write $$\begin{array}{r}
{\delta\sigma_{g}\left( 1 + \mu a\left( S\,\left\lbrack u \right\rbrack_{j,\varepsilon} \right) \right) = \beta\frac{g_{jo}\delta\varepsilon}{A_{cell}}g_{j}\left( S\,\left\lbrack u \right\rbrack_{j,\varepsilon} \right),} \\
\end{array}$$ where *g*~*jo*~ is a representative conductance for the intercalated disc with gap junctions, *A*~*cell*~ the cross-sectional area of the cell, and the parameter *β* represents the level of gap-junctional coupling (GJc), with *β* ∈ \[0, 1\]. From ([5](#pcbi.1007232.e007){ref-type="disp-formula"}), we set $\delta\sigma_{g} = \frac{g_{jo}\delta\varepsilon}{A_{cell}}$. As a result, we get $$\begin{array}{r}
{\mu a\left( S\,\left\lbrack u \right\rbrack_{j,\varepsilon} \right) = \beta g_{j}\left( S\left\lbrack u \right\rbrack_{j,\varepsilon} \right) - 1.} \\
\end{array}$$

![Schematic of the multiscale model of cardiac conduction.\
Ionic currents are linearly proportional to gradients of transmembrane potential inside the cytoplasm, but are non-linearly mediated by gap junctions located at the intercalated discs.](pcbi.1007232.g001){#pcbi.1007232.g001}

Using asymptotic analysis (see [S1 Appendix](#pcbi.1007232.s001){ref-type="supplementary-material"} for technical details and proofs) we show that the macroscopic (tissue-level) current conservation for the steady-state problem is governed by the homogenized equation $$\begin{array}{r}
{\frac{\partial}{\partial x}\left( \hat{\sigma}\left( \frac{\partial v}{dx} \right)\frac{\partial v}{\partial x} \right) = 0,\mspace{600mu}\mspace{600mu} x \in \Omega,} \\
\end{array}$$ where *v* is the macroscopic transmembrane potential, and the effective conductivity modulating conduction at the macroscopic scale takes the form $$\begin{array}{r}
{\hat{\sigma}\left( y \right) = \sigma_{c}\left\{ \frac{1 + \mu a\left( S\varepsilon\left\lbrack N \right\rbrack\left( y \right) \right)}{\frac{\sigma_{c}}{\sigma_{g}} + \left( 1 - \delta \right)\left( 1 + \mu a\left( S\varepsilon\left\lbrack N \right\rbrack\left( y \right) \right) \right)} \right\}} \\
\end{array}$$ where $$\begin{array}{r}
{\left\lbrack N \right\rbrack\left( y \right) = - \left( 1 - \delta \right)\left( \frac{\hat{\sigma}\left( y \right)}{\sigma_{c}} - 1 \right)y,} \\
\end{array}$$ with \[*N*\] = \[*u*\]~*j*,*ε*~/*ε*, and we note that for a given transmembrane potential gradient *y*, the effective conductivity $\hat{\sigma}\left( y \right)$ is implicitly solved from ([8](#pcbi.1007232.e011){ref-type="disp-formula"}) and ([9](#pcbi.1007232.e012){ref-type="disp-formula"}). Further, we show that under reasonable assumptions, the following error estimate for the macroscopic transmembrane potential holds $$\begin{array}{r}
{\| u_{\varepsilon,\delta}\left. - v \right\|_{L^{\infty}{({(0,1)})}} = O\left( \varepsilon + \delta^{2} \right).} \\
\end{array}$$ We now focus on the time-dependent macroscopic model of cardiac electrophysiology for the time interval (0, *T*). The homogenized electrical flux described in the right-hand side of ([7](#pcbi.1007232.e010){ref-type="disp-formula"}) is then balanced by the transmembrane current, leading to the non-Ohmic cable equation $$\begin{array}{r}
{\frac{\partial}{\partial x}\left( \hat{\sigma}\left( \frac{\partial v}{dx} \right)\frac{\partial v}{\partial x} \right) = A_{m}\left\{ C_{m}\frac{\partial v}{\partial t} + I_{\text{ion}} \right\}\quad\text{in}\mspace{720mu}\Omega \times \left( 0,T \right),} \\
\end{array}$$ where $\left. I_{\text{ion}}:\mathbb{R} \times \mathbb{R}^{M}\rightarrow\mathbb{R} \right.$ represents the transmembrane ionic current, *C*~m~ is the membrane capacity and *A*~m~ is the surface-to-volume ratio, and we note that the right-hand side of ([11](#pcbi.1007232.e015){ref-type="disp-formula"}) accounts for the amount of charge that leaves the intra-cellular domain and enters the extra-cellular domain. Further, we will assume that the transmembrane ionic current *I*~ion~ is governed by *v* and by gating variables $\left. \mathbf{w}:\Omega \times \left( 0,T \right)\rightarrow\mathbb{R}^{M} \right.$ that modulate the conductance of ion channels, pumps and exchangers, i.e., *I*~ion~ = *I*~ion~(*v*, ***w***), where the exact functional form of *I*~ion~ will depend on the choice of ionic model. The evolution of gating variables is determined by kinetic equations of the form $$\begin{array}{r}
{\frac{\partial\mathbf{w}}{\partial t} = g\left( v,\mathbf{w} \right),} \\
\end{array}$$ where the form of $\left. g:\mathbb{R} \times \mathbb{R}^{M}\rightarrow\mathbb{R}^{M} \right.$ will also depend on chosen the ionic model. The Eqs ([11](#pcbi.1007232.e015){ref-type="disp-formula"}) and ([12](#pcbi.1007232.e018){ref-type="disp-formula"}) are supplemented with initial and boundary conditions for the transmembrane potential and gating variables to form an initial boundary value problem, which we refer to as the Non-Ohmic Homogenization Model (NOHM). Boundary conditions at the left end prescribed a pulsatile electrical current, while the right end was prescribed with zero current. To study reverse conduction, the boundary conditions where flipped. The numerical solution of the coupled system of the non-Ohmic cable [Eq (11)](#pcbi.1007232.e015){ref-type="disp-formula"} and kinetic [Eq (12)](#pcbi.1007232.e018){ref-type="disp-formula"} was performed using a standard Galerkin finite-element scheme \[[@pcbi.1007232.ref020]\] for the spatial discretization and a Forward Euler scheme for the time discretization implemented in FEniCS \[[@pcbi.1007232.ref021]\], see [S1 Appendix](#pcbi.1007232.s001){ref-type="supplementary-material"}. Codes are available for download at <https://github.com/dehurtado/NonOhmicConduction>.

For the sake of comparison, we also consider the case of uniform (Ohmic) gap junction conductivity, i.e., $$\begin{array}{r}
{\sigma\left( x,u \right) = \left\{ \begin{matrix}
{\sigma_{c},\mspace{600mu}\mspace{600mu} x \in B_{\varepsilon,\delta}^{cyt}\;,} \\
 \\
{{\beta\delta\sigma_{g}},\mspace{600mu}\mspace{600mu} x \in B_{\varepsilon,\delta}^{gap}\;.} \\
\end{matrix}\operatorname{} \right.} \\
\end{array}$$ Following standard asymptotic-analysis arguments for linear systems \[[@pcbi.1007232.ref011]\], one can show that for the case of the piecewise uniform conductivity tensor defined in ([13](#pcbi.1007232.e020){ref-type="disp-formula"}) the effective conductivity tensor takes the form $$\begin{array}{r}
{\hat{\sigma} = \left\{ \frac{1}{\sigma_{c}} + \frac{1}{\beta\sigma_{g}} \right\}^{- 1}.} \\
\end{array}$$

We remark that in this case the macroscopic conductivity is not dependent on the voltage gradient. Further, we note that ([14](#pcbi.1007232.e021){ref-type="disp-formula"}) is also obtained as a particular case of the NOHM when the microscopic conductivity ([13](#pcbi.1007232.e020){ref-type="disp-formula"}) is assumed, see [S1 Appendix](#pcbi.1007232.s001){ref-type="supplementary-material"}. We refer to the system of Eqs ([11](#pcbi.1007232.e015){ref-type="disp-formula"}) and ([12](#pcbi.1007232.e018){ref-type="disp-formula"}) that considers the uniform effective conductivity tensor ([14](#pcbi.1007232.e021){ref-type="disp-formula"}) as the Linear Homogenization Model (LHM).

Cellular models of cardiac propagation {#sec004}
--------------------------------------

To validate the proposed NOHM model we consider the cellular model described in \[[@pcbi.1007232.ref007], [@pcbi.1007232.ref022]\], in which a strand of cardiac cells electrically connected by gap junctions are represented using a circuit network, see [Fig 2](#pcbi.1007232.g002){ref-type="fig"}. In the following, we summarize the main aspects of cellular modeling. For the cellular models (CM), a chain of cells is discretized at subcellular level in *n*~*div*~ = 10 subregions. A generic node *i* is connected to its neighbor *i* + 1 through a resistor *R*^*i*,*i*+1^. If *i* and *i* + 1 belongs to the same cell *R*^*i*,*i*+1^ = *R*~*myo*~ where *R*~*myo*~ is the myoplasmic resistance. Now, if *R*^*i*,*i*+1^ connects nodes from different cells (i.e. a gap junction) its value will be given by *R*^*i*,*i*+1^ = *R*~*j*~(*V*~*j*~) where *R*~*j*~(*V*~*j*~) is the resistance of the gap junction, which depends non-linearly on the transjunctional voltage *V*~*j*~. For computing the resistance *R*^*i*,*i*+1^ we use $$\begin{array}{r}
{V_{j} = v^{i + 1 + (ndiv - 1)} - v^{i - (ndiv - 1)}} \\
\end{array}$$ where we consider how the experimental relationship *V*~*j*~ versus *g*~*j*~ is obtained through the dual voltage clamp method \[[@pcbi.1007232.ref023]\].

![Circuit representation for the cellular models.](pcbi.1007232.g002){#pcbi.1007232.g002}

Due to the Kirchhoff's law, the current balance yields to the following finite-difference equation $$\begin{array}{r}
{\sigma^{i,i + 1}\frac{v^{i + 1} - v^{i}}{\Delta x^{2}} + \sigma^{i - 1,i}\frac{v^{i - 1} - v^{i}}{\Delta x^{2}} = A_{m}\left\{ C_{m}\frac{\partial v^{i}}{\partial t} + I_{ion}\left( v^{i},\mathbf{w}^{i} \right) \right\},} \\
\end{array}$$ where *A*~*m*~ is the surface to volume ratio and *C*~*m*~ the membrane capacitance. The ionic current *I*~*ion*~ depends on the transmembrane potential in the node *v*^*i*^ and on the gating variables ***w***^*i*^. Local conductivity can be expressed in terms of the resistance as $$\begin{array}{r}
{\sigma^{i,i + 1} = \frac{\Delta x}{R^{i,i + 1}A_{cell}}} \\
\end{array}$$ with Δ*x* = *l*~*cell*~/*n*~*div*~. Then $$\begin{array}{r}
{\sigma^{i,i + 1} = \left\{ \begin{aligned}
\sigma_{c} & {\text{if}\mspace{720mu} i,i + 1\mspace{720mu}\text{are}\mspace{720mu}\text{in}\mspace{720mu}\text{the}\mspace{720mu}\text{same}\mspace{720mu}\text{cell}} \\
{\delta\sigma_{g}\beta g_{j}\left( V_{j} \right)} & {\text{if}\mspace{720mu} i,i + 1\mspace{720mu}\text{are}\mspace{720mu}\text{in}\mspace{720mu}\text{different}\mspace{720mu}\text{cells}} \\
\end{aligned}\operatorname{} \right.} \\
\end{array}$$ and we call the model given by Eqs ([15](#pcbi.1007232.e023){ref-type="disp-formula"}) and ([16](#pcbi.1007232.e025){ref-type="disp-formula"}) CM voltage-gated. If the gap junctions are assumed to be voltage insensitive, then the conductivity reads $$\begin{array}{r}
{\sigma^{i,i + 1} = \left\{ \begin{aligned}
\sigma_{c} & {\text{if}\mspace{720mu} i,i + 1\mspace{720mu}\text{are}\mspace{720mu}\text{in}\mspace{720mu}\text{the}\mspace{720mu}\text{same}\mspace{720mu}\text{cell,}} \\
{\beta\delta\sigma_{g}} & {\text{if}\mspace{720mu} i,i + 1\mspace{720mu}\text{are}\mspace{720mu}\text{in}\mspace{720mu}\text{different}\mspace{720mu}\text{cells.}} \\
\end{aligned}\operatorname{} \right.} \\
\end{array}$$ We refer to the model given by Eqs ([15](#pcbi.1007232.e023){ref-type="disp-formula"}) and ([17](#pcbi.1007232.e026){ref-type="disp-formula"}) as the CM clamped, and we note that it serves as a cellular counterpart to the LHM.

Conduction experiments in a cardiac strand {#sec005}
------------------------------------------

In this work, we model the propagation of electrical impulses in a strand with a length *L* = 6.4 mm. Cells were assumed to be cylinders with radius *r*~*cell*~ = 11 *μm*, length *ε* = 100 *μ*m, and intercalated-disc length ratio of *δ* = 10^−4^. Based on these dimensions, *A*~*cell*~ = 380 *μ*m^2^. For the gap-junction conductance model, we set *S* = 2, and assumed *g*~*jo*~ = 2.534 *μ*m \[[@pcbi.1007232.ref024]\], which results in a representative conductivity of *δσ*~*g*~ = 6.67 · 10^−5^ Sm^−1^. The cytoplasmic conductivity and the membrane capacitance are taken to be *σ*~*c*~ = 0.667 Sm^−1^ and *C*~m~ = 1 *μ*F/cm^2^, respectively \[[@pcbi.1007232.ref024]\]. For the transmembrane ionic current, we considered the Luo-Rudy I model \[[@pcbi.1007232.ref025]\]. The surface to volume ratio is given by *A*~m~ = 2RCG/*r*~*cell*~, where RCG = 2 is the ratio between capacitive and geometrical areas and \[[@pcbi.1007232.ref024], [@pcbi.1007232.ref026]\]. Given the time-dependent behavior of the conductance of GJs \[[@pcbi.1007232.ref005], [@pcbi.1007232.ref027]\], in our experiments, we consider two limit cases for the temporal state of gap junctions: the *instantaneous conductance* case, and the *steady-state conductance* case. For the instantaneous conductance case, we adopt the model of Vogel and Weingart \[[@pcbi.1007232.ref028]\] which for the normalized conductance takes the form $$\begin{array}{r}
{g_{j,inst}\left( V_{j} \right) = \left\{ \begin{matrix}
\frac{G_{j}^{-}}{e^{\frac{- V_{j}}{V_{H}^{-}(1 + e^{V_{j}/V_{H}^{-}})}} + e^{\frac{V_{j}}{V_{H}^{-}(1 + e^{- V_{j}/V_{H}^{-}})}}} & {V_{j} < 0,} \\
 & \\
\frac{G_{j}^{+}}{e^{\frac{- V_{j}}{V_{H}^{+}(1 + e^{V_{j}/V_{H}^{+}})}} + e^{\frac{V_{j}}{V_{H}^{+}(1 + e^{- V_{j}/V_{H}^{+}})}}} & {V_{j} > 0,} \\
\end{matrix}\operatorname{} \right.} \\
\end{array}$$ where *V*~j~ is the transjunctional voltage, and $G_{j}^{+},G_{j}^{-},V_{H}^{+},V_{H}^{-}$ are parameters. For the steady-state case, we assume that the normalized gap-junction conductance follows a Boltzmann distribution \[[@pcbi.1007232.ref029]\] that reads $$\begin{array}{r}
{g_{j,ss}\left( V_{j} \right) = \left\{ \begin{matrix}
{\frac{1 - g_{j,min}^{+}}{p + e^{(A^{+}{(V_{j} - V_{j0}^{+})})}} + g_{j,min}^{+}} & {V_{j} < d,} \\
{\frac{1 - g_{j,min}^{-}}{p + e^{(A^{-}{(V_{j} - V_{j0}^{-})})}} + g_{j,min}^{-}} & {V_{j} > d,} \\
\end{matrix}\operatorname{} \right.} \\
\end{array}$$ where $p,d,g_{j,min}^{+},g_{j,min}^{-},A^{+},A^{-},V_{j0}^{+},V_{j0}^{-}$ are parameters that depend on the type of channel.

To assess the performance of the NOHM model under different conductance distributions, we considered three types of gap-junction channels: the homomeric-homotypic channels Cx43-Cx43 and Cx45-Cx45, and the homomeric-heterotypic channel Cx43-Cx45. The normalized conductance distributions for the instantaneous and steady-state cases of these channels are depicted in [Fig 3](#pcbi.1007232.g003){ref-type="fig"}. The parameters for the instantaneous and steady-state conductance models have been reported in the literature \[[@pcbi.1007232.ref003]\], and are summarized in [Table 1](#pcbi.1007232.t001){ref-type="table"}. The parameter *A* is computed from *z* as *A* = *z*/*kT*, where *kT* = 25.7 meV is the product of the Boltzmann constant *k* with the temperature *T*. The effect of gap-junctional coupling on conduction is studied by modulating the maximal gap-junction conductance from *β* = 100% to *β* = 0.5%. The cardiac strand is excited on one end with an applied transmembrane current using a pacing cycle length of 800 ms and whose amplitudes varied between 10 *μ*A/mm^2^ to 35 *μ*A/mm^2^, which elicits a propagating pulse from left to right. Retrograde-conduction effects are studied by propagating pulses from right to left. Pacing rate dependence was studied by constructing CV restitution curves, using the pacing protocol reported by Gizzi and co-workers \[[@pcbi.1007232.ref030]\].

![Normalized conductance of gap junctions as a function of the transjunctional voltage.\
(left) Cx43-Cx43 channel, (center) Cx45-Cx45 channel, and (right) Cx43-Cx45 channel. Data extracted from \[[@pcbi.1007232.ref003]\]. The (∘) and (•) data corresponds to instantaneous and steady state conductance, respectively.](pcbi.1007232.g003){#pcbi.1007232.g003}
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###### Parameters for the conductance distribution of gap junctions, taken from \[[@pcbi.1007232.ref003]\].

For *V*~*j*0~, *g*~*j*,*min*~, *z* the negative/positive values are presented. The Cx43-Cx45 case considered a modified Boltzmann distribution to improve the fitness to data.

![](pcbi.1007232.t001){#pcbi.1007232.t001g}

              Instantaneous model   Steady-state model                                               
  ----------- --------------------- -------------------- ------------- ----------- ---------- ------ ----
  Cx43-Cx43   1.99/2.01             -175.8/318.4         -60.8/62.9    0.26/0.25   -3.4/2.9   1      0
  Cx45-Cx45   1.99/2.02             -112.7/135.0         -38.9/38.5    0.16/0.17   -2.5/2.7   1      0
  Cx43-Cx45   1.93/2.0              -130.0/404.0         -15.9/149.3   0.05/0.05   -2.1/0.7   0.73   25

Results {#sec006}
=======

The numerical solution of CM clamped, and CM voltage-gated resulted in dynamical systems with 642 degrees of freedom, using cell subdomains with a length of 10 *μ*m. In contrast, the continuum LHM and the NOHM employed only 65 degrees of freedom, equivalent to a spatial discretization of 100 *μ*m. [Fig 4](#pcbi.1007232.g004){ref-type="fig"} shows the propagating wavefronts as predicted by the four conduction models studied in this work for the instantaneous conduction and steady-state conduction cases of the Cx43-Cx43 channel. For high GJc, *β* = 100%, we observe that all four models predicted a very similar wavefront both for the instantaneous and for the steady-state regimes of conductance ([Fig 4](#pcbi.1007232.g004){ref-type="fig"}, top row). When GJc was reduced to low coupling levels, *β* = 10%, continuum models (LHM and NOHM) resulted in propagating waves that drifted ahead of their CM counterparts (CM clamped and CM voltage-gated) in the case of instantaneous conductance. Interestingly, for the case of steady-state conductance, the NOHM accurately predicted the response of the CM voltage-gated, whereas the LHM drifted ahead of the CM clamped ([Fig 4](#pcbi.1007232.g004){ref-type="fig"}, middle row). Remarkably, for very low GJc, *β* = 1%, the NOHM still delivered an accurate wavefront when compared to the CM voltage-gated in the steady-state conductance case, whereas considerable drift occurred in the instantaneous conductance case both for the LHM and the NOHM ([Fig 4](#pcbi.1007232.g004){ref-type="fig"}, bottom row).

![Impulse conduction features from computational simulations.\
The propagating wavefront predicted by the CM clamped, CM voltage-gated, LHM and NOHM are compared for three levels of transjunctional coupling: (top row) high coupling *β* = 100%, (middle row) low coupling *β* = 10%, and (bottom row) very low couping *β* = 1%. In general, the LHM and NOHM drift ahead of their CM counterparts as the GJc is decreased in the case of instantaneous conductance. In contrast, for the case of steady-state conductance the NOHM accurately predicts the CM voltage-gated even for very low coupling levels, whereas the LHM substantially drifts ahead from the CM clamped wavefront.](pcbi.1007232.g004){#pcbi.1007232.g004}

[Fig 5](#pcbi.1007232.g005){ref-type="fig"} shows the CV as a function of the GJc, measured in terms of *β*, for the instantaneous and steady-state conduction cases for homomeric-homotypic channels Cx43-Cx43 and Cx45-Cx45. Under instantaneous conductance ([Fig 5](#pcbi.1007232.g005){ref-type="fig"}, left column) all four models converged to CV values between 64--65 cm/s for the high-coupling case *β* = 100%. Cellular models delivered, in general, a very similar behavior. As GJc was reduced, both LHM and NOHM overestimated the CV when compared to CM clamped and CM voltage-gated, respectively. For the case of steady-state conductance ([Fig 5](#pcbi.1007232.g005){ref-type="fig"}, right column), the CM clamped consistently delivered higher values of CV than the CM voltage-gated. Further, the LHM continued to overestimate the CV when compared to the CM clamped as GJc was reduced. Remarkably, the NOHM closely followed the behavior of the CM voltage-clamped, even for very low GJc. Cellular models predicted conduction block for *β* ≤ 0.5% in all cases. Conduction block was captured by the NOHM for the steady-state conductance regime, but not for the instantaneous case. LHM did not predict the conduction block for the range of *β* analyzed. Retrograde wave propagation experiments for Cx43-Cx43 and Cx45-Cx45 channels (not shown in the figure) resulted in CV curves that did not differ from those obtained in normal wave propagation.

![Conduction velocity studies on a cardiac strand and the effect of gap-junction coupling for symmetric conductance distributions: (top row) Cx43-Cx43 channel, (bottom row) Cx45-Cx45 channel, (left column) instantaneous conductance, (right column) steady-state conductance.\
Black and red colors are used to indicate voltage-independent and voltage-dependent gap-junction conduction, respectively. Voltage-dependent models delivered lower conduction velocities than voltage-independent models of gap-junction conductance, particularly for the steady-state regime.](pcbi.1007232.g005){#pcbi.1007232.g005}

[Fig 6](#pcbi.1007232.g006){ref-type="fig"} shows the dependence of CV on the GJc for the Cx43-Cx45 channel under normal wave propagation (left-to-right direction) and retrograde wave propagation (right-to-left direction). For the instantaneous conductance case ([Fig 6](#pcbi.1007232.g006){ref-type="fig"}, left column), the CM voltage-gated predicted CVs that were slightly higher in retrograde propagation than in normal propagation. Continuum models overestimated the CV when compared to their cellular counterparts. While the LHM predictions were insensitive to the direction of propagation, the NOHM predicted higher CVs for the case of retrograde wave propagation. For the steady-state conductance case ([Fig 6](#pcbi.1007232.g006){ref-type="fig"}, right column), the CM voltage-gated resulted in CVs that were considerably higher in retrograde propagation than in normal propagation, a feature not captured by the CM clamped, which was insensitive to the direction of propagation. The NOHM was able to capture such large differences in CV as well as the conduction block at *β* = 10%, whereas the LHM only delivered reasonable predictions for the retrograde propagation, but considerably overestimated CVs in the normal propagation case, and did not reach conduction block for any of the *β* values analyzed.

![Conduction velocity studies on a cardiac strand and the effect of gap-junction coupling for the Cx43-Cx45 channel with non-symmetric conductance distribution: (left) instantaneous conductance case, (right) steady-state conductance case.\
Black color denotes voltage-independent models, red and blue colors denote voltage-dependent models. Predictions from gap-junction voltage-independent models CM clamped, and LHM were insensitive to the direction of wave propagation, whereas voltage-dependent models resulted in CVs that strongly depended on the direction of wave propagation for the steady-state conductance case.](pcbi.1007232.g006){#pcbi.1007232.g006}

The dependence of CV on the pacing rate and propagation orientation in voltage-dependent models of conduction was studied by constructing CV restitution curves for the case of channel Cx43-Cx45, see [Fig 7](#pcbi.1007232.g007){ref-type="fig"}. In all cases, the CM voltage-gate under retrograde propagation resulted in higher CVs than in normal propagation. The NOHM captured this orientation dependence and delivered CV curves with a similar shape but with higher values for the cases of low and very low GJc. For the case of steady-state conductance, the NOHM also captured the conduction block predicted by the CM voltage-gate for low and very low GJc. The cycle length in all simulations was reduced until loss of propagation, which occurred in the range of 310-330 ms.

![Conduction-velocity restitution curves for the homomeric-heterotypic channel Cx43-Cx45 for high, low and very low GJc: (left) instantaneous conductance case, (right) steady-state conductance case.\
CL = cycle length.](pcbi.1007232.g007){#pcbi.1007232.g007}

The influence of the spatial discretization on the CV is reported in [Fig 8](#pcbi.1007232.g008){ref-type="fig"}. Mesh sizes, interpreted as cell segments in cellular modes, ranging from Δ*x* = 0.01 mm to Δ*x* = 0.2 mm were considered for both the instantaneous and steady-state conduction cases of a Cx43-Cx43 channel under high GJc. In both cases, a strong dependence of the CV on the mesh size was observed for the CM clamped and CM voltage-clamped, with higher CVs for larger mesh sizes. An attenuated yet considerable mesh dependence was also observed for the LHM and NOHM.

![The effect of spatial discretization of the conduction velocity: (left) instantaneous conductance, (right) steady-state conductance.\
The conduction velocity in cellular models exhibit a stronger dependence on the mesh size than the continuum models of conduction.](pcbi.1007232.g008){#pcbi.1007232.g008}

Discussion {#sec007}
==========

In this article, we study the gap-junction-mediated electrical conduction in excitable cardiac tissue through a novel non-ohmic multiscale model. A unique feature of the proposed model is that tissue-level spatial conduction is fully informed by sub-cellular communication mechanisms, specifically by cytoplasmic and gap-junctional conductances. While the upscaling of conduction properties in excitable media has been the subject of some studies in the past using a linear homogenization theory approach \[[@pcbi.1007232.ref011], [@pcbi.1007232.ref012]\], our work offers a rigorous mathematical framework that delivers an effective non-linear model of conduction able to represent, at the tissue level, the non-Ohmic conduction that takes place at the sub-cellular level. Although our focus has been on understanding gap-mediated communication between cardiac myocytes, the present model of conduction can be extended to study the electrical propagation phenomena in other areas of biology, such as the neurosciences, where electrical synapsis occurring in the brain is highly regulated by neural gap junctions \[[@pcbi.1007232.ref031]\].

To validate the predictions and understand the unique features of the NOHM, we considered cellular models with and without voltage dependence at the gap junctions (CM clamped and CM voltage-gated) as well as a linear continuum model of conduction (LHM). The behavior of all four models of conduction was studied in the propagation of waves in a cardiac strand \[[@pcbi.1007232.ref024]\] with decreasing levels of GJc, see [Fig 4](#pcbi.1007232.g004){ref-type="fig"}. Features that arise in propagating action potentials under decreasing levels of coupling such as a steeper upstroke and a notch in the upstroke \[[@pcbi.1007232.ref005]\] are predicted both by the LHM and NOHM. Remarkably, this prediction is achieved at a fraction of the computational complexity involved in cellular models, as the number of degrees of freedom in continuum models are one order of magnitude smaller. An alternative approach is the use of hybrid multiscale models \[[@pcbi.1007232.ref032]\], which adaptively partition the domain to solve macroscopic cable equations in regions with low potential gradients and impose microscopic equations of conduction in regions of high potential gradients. While hybrid models can reduce the computational complexity of simulations, they involve a significant increase in the number of degrees of freedom when compared to standard homogenized models. We believe that the NOHM model offers the advantage of delivering accurate predictions while maintaining the computational cost similar to that of standard macroscopic continuum models. The balance between predictive power and computational cost remains one of the main hurdles in the development of patient-specific whole-heart simulations \[[@pcbi.1007232.ref033]\], which highlights the importance of developing accurate yet efficient tissue-level models.

The accuracy of the NOHM and LHM in predicting their cellular counterparts CM clamped and CM voltage-gated was assessed by studying the CV for a wide range of gap-junctional coupling levels for channels with symmetric conductance distributions, see [Fig 5](#pcbi.1007232.g005){ref-type="fig"}. In our work, we considered two limits of the dynamic conductance of gap junctions: the instantaneous and steady-state conductance cases. In the case of instantaneous conductance, the CV predicted by the NOHM was in general higher than the CV predicted by the CM voltage-gated, which was observed to decrease as the GJc was reduced \[[@pcbi.1007232.ref027]\]. A similar trend was observed for the LHM when compared with the CM clamped. Further, the NOHM and LHM resulted in similar CV curves. Previous studies have confirmed that the accuracy of LHM in predicting cardiac conduction, as dictated by CM clamped, consistently deteriorates as the GJc is decreased to low levels \[[@pcbi.1007232.ref013], [@pcbi.1007232.ref016]\]. Interestingly, for the case of steady-state conduction, substantial differences arise between voltage-dependent (NOHM, CM voltage-gated) and voltage-independent (LHM, CM clamped) models, with the former resulting in considerably lower CVs, see [Fig 5](#pcbi.1007232.g005){ref-type="fig"} (left column). These results can be explained by noting the shape of the conductance distributions associated to the instantaneous and steady-state cases. In particular, the instantaneous conductance of the Cx43-Cx43 channel displays a flat shape with small variations within the range of transjunctional voltages ([Fig 3](#pcbi.1007232.g003){ref-type="fig"}, left), which resembles an Ohmic electrical response. Thus, in this case, the NOHM is not expected to differ from the LHM, as the conduction in both cases is fairly Ohmic, a behavior observed in our experiments ([Fig 5](#pcbi.1007232.g005){ref-type="fig"}, top left). In contrast, the steady-state conductance distribution for the Cx45-Cx45 channels presents a narrow bell shape ([Fig 3](#pcbi.1007232.g003){ref-type="fig"}, center), which is representative of a marked non-Ohmic electrical behavior. Notably, simulations associated with that conductance distribution are the ones that deliver the most different CV curves when the voltage dependence is included ([Fig 5](#pcbi.1007232.g005){ref-type="fig"}, bottom right). These results confirm the ability of the NOHM to accurately upscale the voltage-dependent behavior of gap junctions, a feature not offered by standard homogenization models of conduction, such as the LHM. Further, we note here that the difference in CV between cellular models CM clamped and CM voltage-gated for low GJc has been previously reported in the literature \[[@pcbi.1007232.ref005], [@pcbi.1007232.ref027]\], highlighting the importance of modeling the dynamic conductance of gap junctions for cases of low GJc. Decreased GJc takes particular relevance in the study of cardiac disease, as the reduction of gap-junctional communication has been correlated to a marked decreased of CV \[[@pcbi.1007232.ref034]\], and slow conduction is considered one of the main mechanisms of sustained reentrant arrhythmias \[[@pcbi.1007232.ref001], [@pcbi.1007232.ref035]\].

A unique feature of the NOHM model is its ability to upscale the particular features of voltage-dependent conduction mediated by homotypic and heterotypic combinations of homomeric connexons. In our simulations for the steady-state regime, action potentials resulting from channels composed by homotypic Cx43-Cx43 resulted in a considerably higher CV when compared to simulations considering homotypic Cx45-Cx45 channels ([Fig 5](#pcbi.1007232.g005){ref-type="fig"} right column). This result is consistent with observations from dual whole-cell patch clamp experiments, where the lower CV in Cx45-Cx45 channels is explained by the higher sensitivity of conductance to transjunctional voltage \[[@pcbi.1007232.ref036]\]. We note, however, that for the instantaneous regime, the CV is more sensitive to the number of operational channels and unitary conductance than to gap junction voltage dependence. Further, here we showed that the asymmetry of conductance distribution found in heterotypic channels results in propagating action potentials whose CV strongly depends on the direction of propagation ([Fig 6](#pcbi.1007232.g006){ref-type="fig"}). The NOHM successfully captured this orientation dependence, as well as it was able to capture the conduction block predicted by the CM voltage-gated for low and very low GJc in the steady-state conduction regime. We also studied the effect of pacing rate for the Cx43-Cx45 channel, where both voltage-sensitive models resulted in similar restitution curves with higher CVs for the case of retrograde propagation ([Fig 7](#pcbi.1007232.g007){ref-type="fig"}). The orientation-dependent conduction, together with connexin coexpression, may partly explain the differences in CV for normal and retrograde conduction that have been observed in the sinoatrial node \[[@pcbi.1007232.ref037]\]. It is important to note that voltage-independent models of conduction (CM clamped, LHM) cannot capture this orientation dependence, as well as they fail to predict conduction block, resulting in a considerable overestimation of the CV for the case of normal wave propagation. Future developments should focus on combining the gap-junction conductance distributions, as several connexin types are typically co-expressed in cardiac tissue.

We assessed the effect of spatial discretization for the continuum and cellular conduction models considered in this study. Previous studies have shown that the numerical solution of continuum electrophysiology models depends on the level of spatial discretization \[[@pcbi.1007232.ref038], [@pcbi.1007232.ref039]\]. An interesting finding of this work is that the mesh dependence found in continuum models is accentuated for cellular models and that the consideration of voltage sensitivity in the conduction model does not strongly affect the relation between CV and mesh size ([Fig 8](#pcbi.1007232.g008){ref-type="fig"}). Future developments of numerical methods for the NOHM may include the consideration of enhanced spatial interpolation and temporal integration schemes \[[@pcbi.1007232.ref040], [@pcbi.1007232.ref041]\] which have shown to attenuate the mesh dependence of continuum model of cardiac propagation, allowing for the efficient simulation of larger domains.

Our current work can be extended in several directions. First, the theoretical framework for the NOHM model should be extended to consider the 3D case of cardiac conduction, including the case of anisotropic conduction typically observed in cardiac tissue. We include a heuristic derivation in Remark 2 of the [S1 Appendix](#pcbi.1007232.s001){ref-type="supplementary-material"} that points towards this direction. Another important limitation is the consideration of the transmembrane potential, instead of the intra- and extra-cellular potentials, in modeling intercellular conduction and ionic ionic currents. In particular, ([3](#pcbi.1007232.e005){ref-type="disp-formula"}) assumes that transjunctional voltage is the jump in transmembrane potential rather than the jump in intra-cellular potential. We note that such consideration is valid when the extra-cellular potential is constant, an assumption that can be debated in more general contexts of conduction. Future contributions should revisit this assumption by explicitly modeling the extra-cellular potential, i.e., considering bidomain formulations of the continuum electrophysiology problem \[[@pcbi.1007232.ref009]\]. Second, we note that the time dependence of gap-junction gating that dynamically modulates the conduction has not been considered in this work. Such a dynamic effect has shown to strongly modulate the conductance response of gap junctions \[[@pcbi.1007232.ref028], [@pcbi.1007232.ref029]\]. To date, the time-dependent gating of gap junctions has been incorporated in a few cellular models of cardiac conduction \[[@pcbi.1007232.ref005], [@pcbi.1007232.ref027]\], showing the importance of both voltage- and time-dependent dynamics. We note here that it takes several seconds for a gap-junction channel to reach steady-state conductance. Such a time scale can be much longer than the time window where transjunctional voltage is large during normal conduction, i.e., during action potential upstroke. Thus, during normal conduction, the steady-state regime is not expected to occur. In contrast, under cases of poor intercellular coupling, large transjunctional voltage can occur for longer periods, which potentially drive the gap-junction towards a steady-state conduction regime \[[@pcbi.1007232.ref027]\]. In this work, we only considered two limiting regimes of the dynamic conductance which yield very different behavior as the steady-state regime typically displays conductance distributions that are more sensitive to transjunctional voltage than those found for the instantaneous-conductance regime. Thus, an interesting avenue of research is the development of multiscale formulations of cardiac tissue conduction that incorporate time-dependent gating dynamics of gap junctions. Third, intercellular communication mechanisms other than gap junctions should be integrated into this theoretical framework. Sodium channels have been reported to co-localize with gap junctions at the intercalated discs, creating an ephatic coupling effect that has been associated to conduction during gap-junction blockage \[[@pcbi.1007232.ref035]\]. Further, the spatial distribution of sodium channels around the cellular membrane and on the intercalated discs has been studied using detailed cell-to-cell computational simulations to conclude that channel spatial distribution strongly affect the cardiac conduction \[[@pcbi.1007232.ref042]\]. Since the ephatic effect has been considered in homogenization schemes of cardiac conduction in the past by including a cleft-to-ground resistance in the microscopic model of conduction \[[@pcbi.1007232.ref013], [@pcbi.1007232.ref032]\], we foresee that future versions of the NOHM could equally incorporate this effect, potentially in 3D formulations with non-uniform distributions of channels. Finally, the applicability of the NOHM model should be tested in the simulation of conduction in the whole heart during diseased conditions \[[@pcbi.1007232.ref033]\].

Supporting information {#sec008}
======================

###### Formulation details.

Details and proofs for the asymptotic formulation and the numerical solution for the NOHM model are presented here.

(PDF)
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Dear Dr Hurtado,
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**Comments to the Authors:**

**Please note here if the review is uploaded as an attachment.**

Reviewer \#1: The study by Hurtado et al presents a cardiac tissue model that accounts for nonlinearity of gap junction conductance, specifically deriving and presenting the numerical solution of a homogenized model that incorporates voltage-dependent gap junctions. As noted by the authors, non-ohmic dynamics is an under-appreciated aspect of gap junction behavior that is typically not accounted for in many cardiac tissue models. This study presents a nice potential approach to account for these details without a significant increase in computational complexity.

However, there are several major issues for the authors to address:

Major:

1\. The biophysical basis for the non-Ohmic behavior is a consequence of the voltage-dependent gating of the gap junction hemichannels (similar to the voltage-dependent gating of other sarcolemmal ion channels). My most significant concern is that the model formulation appears to neglect a critical aspect of the gating behavior, in particular that the gap junction conductance, in addition to being a function of transjunctional voltage (Vj), is also time-dependent. That is, the gating of the gap junction protein hemichannels has a time-dependence that also depends on Vj. This is demonstrated in a wide range of studies, see for example work from Weingart (including ref 3), Veenstra, Bukauskas, Bennett, and many others.

The time constant for changes in gap junction conductance is generally found to be a decaying function of the Vj magnitude, with values on the order of a few seconds when Vj = 0 mV. As presented, the model formulation here appears to assume that the gating of the gap junctions is instantaneous. This is problematic because, in the model, gap junction conductance changes are thus much faster than the dynamics of sarcolemmal ion channels, whereas physiologically, gap junction conductance changes are much slower.

When cells are well coupled, the absolute value of Vj is generally not much greater than 0 mV for durations on the order of at most 10s of milliseconds, and thus gap junction conductance generally does not approach the reduced steady-state levels shown at the extreme Vj values in Figure 3.

However, when cells are poorly coupled, i.e., low baseline gap junction conductance levels, large Vj values can occur for longer durations, which in turn does result in transient decreases in gap junction conductance. This has been previously demonstrated by Henriquez et al (ref 20 in the manuscript), and more recently by Weinberg (Chaos, 2017). At a minimum, the authors should compare their work with these prior studies, which are two of the few studies that have accounted for non-linear gap junction conductance in a tissue model, with Weinberg also including electrical field coupling.

The lack of accounting for the time-dependence of gap junction conductance changes is a significant limitation that detracts from potential impact of the study. However, perhaps this can be incorporated into the proposed framework by including additional gating variables into the w gating variable vector, following approaches similar to either the Henriquez et al or Weinberg studies noted above, which both include time-dependent gap junction conductance changes.

2\. My other significant concern is the lack of description of the cell-chain model from Kucera et al (ref 5) that is considered the "baseline" in this study. The paper by Kucera and colleagues described two variants of their model, so it is not clear which version of the Kucera et al model is used and what are the associated parameters. In particular, in addition to discretizing each cell into membrane patches of 10 um (as the authors note), Kucera et al also describe a "non-cleft" and "cleft" version of the model, in which electric field coupling occurs via extracellular current in the intercellular cleft in the "cleft" version. Additionally, Kucera et al study the significance of redistributing the voltage-gated sodium current from axial to intercalated disk membrane patches and variations in intercellular cleft width. (The authors note this redistribution of sodium channels in the Discussion but not in the description of the baseline model.)

Since the focus of the Kucera et al paper is the "cleft" version, one would assume that this version of the model was used in the current study, but this needs to be clarified. Regardless of which version of the Kucera et al model is used, both versions of the model include a "Rgap" term -- a constant gap junction resistance between cells. It is not clear if the non-ohmic conductance is also incorporated into the baseline model, or if Rgap is a constant in the baseline model.

Similarly, the linear homogenized model that is compared (LHM) from Hand and Peskin (ref 12) also incorporates intercellular cleft electric field coupling and sodium channel distributions. However, the authors describe this model as a "standard cable model." This is a confusing description, because the classical description of the cable model or the monodomain model does not include electric field coupling and assumes uniform distribution of sodium channels. A significantly more detailed description of these models used for comparison is needed.

3\. The authors should expand significantly on the reasons why the non-ohmic model and the baseline model agree in some parameter regimes (specifically higher coupling) and disagree in other regimes (weaker coupling). In the regimes where the models disagree, then presumably there are some assumptions of the derivation that fail, such that the homogenization is not valid. These are important limitations that the authors should comment on and discuss, especially since, as the authors note, that slower conduction is often pro-arrhythmic and is thus of significant interest in simulations.

4\. What is the baseline gap junction conductance value associated with the simulations in Figure 4? Based on the conduction velocity values, it appears the cells are well coupled, similar to as in Figure 1A.

In this well-coupled case, a conduction velocity of 50 cm/s implies that propagation of a distance of 100 um will take 0.2 ms, which is less than the duration of the cardiac action potential upstroke, so Vj magnitudes are probably on the order of 10-20 mV at most. Even without accounting for the time-dependence of the gap junction conductance as noted in comment 1, based on the curves in Figure 3, steady-state conductance levels are within 20% of the baseline value, so it is surprising that conduction velocity values differ by nearly 50%. Can the authors explain this result by examining the Vj curves and associated changes in gap junction conductance along the cable?

5\. The differences in conduction velocity for different directions shown for the heterotypic gap junction, illustrated in Fig 4C, is one of the more interesting results of the paper. However, this point is demonstrated for a single case (i.e., one unknown value of gap junction coupling, see previous comment), and thus it is not clear for what conditions these directional differences are small or large. For example, are there conditions in which propagation fails in one direction but not the other? The authors should show a plot similar to Fig 2A plotting conduction velocity for both directions for different conductance levels.

It would also be interesting to study if there is a pacing rate dependence. For example, are there conditions in which conduction in both directions is similar at slow pacing rates, but differs for faster pacing rates?

6\. The derivation of the model shown in the Appendix is fairly difficult to follow. An important contribution would be specifically highlighting how this derivation differs from the homogenization required for such a model in which gap junction conductance is constant.

Minor:

1\. The sentence beginning with "Alternatively, ..." at line 48 is an incomplete sentence.

2\. Line 67, "an" should be "and"

3\. In Fig. 4, the conduction velocity for the Cx43-Cx45 gap junction model is given as 32.1 cm/s in panel A and then 32.2 cm/s in panel B. Is this a typo since -- as I understand it -- these are referring to the same simulation condition?

Reviewer \#2: The paper describes the development of a macroscopic tissue model for electrical conduction in cardiac tissue, which incorporates non-linear voltage-dependent conduction through gap junctions. The topic is important and relevant for the research community in computational cardiac electrophysiology, and the paper presents a new modeling approach that could potentially have significant implications. However, I have some concerns related to the model derivation and the discussion of the results, which should be improved before publication. Furthermore, although the manuscript is generally well written, the overall structure and ordering (Results-Discussion-Methods) makes it somewhat hard to read. I assume the structure is dictated by the journal, which raises the question of whether PLOS Computational Biology is the best target for this fairly mathematical and model-oriented manuscript.

Major concerns:

1\. The model derivation described in the Methods section is not based on physically meaningful properties. In appendix S1 the homogenization is performed in terms a generic microscopic potential and microscopic current density, which in this context must be interpreted as intracellular properties. However, in eq (3) in the Methods section the intracellular/GJ current density is computed by multiplying the transmembrane potential with the cytoplasm/GJ conductivity. This is only correct if the extracellular potential is constant. If this is assumed it should be mentioned explicitly in the derivation, since it is a significant limitation with potential implications for the model's range of validity. I would recommend that the model derivation is based explicitly on balance of intra- and extracellular currents, expressed in terms of intra- and extracellular potentials, and that all assumptions leading to the final model are made explicit. It should also be considered if a more generic 2D/3D version of the model could be derived, since the restriction to 1D is a severe limitation.

2\. The discussion of the results in relation to existing models is very limited. The GJ conduction models used by the authors seem well justified, and show interesting (although not entirely surprising) effects on conduction velocity. However, there are several alternative formulations of GJ conductance, including a variety of non-Ohmic and voltage-gated formulations. A comprehensive review of all existing models is obviously beyond the scope of the paper, but I would like to see a more thorough discussion of the results in the context of existing literature.

3\. The baseline model is very briefly described. Although this model is described in some detail in the cited reference \[5\], it would be useful to recapitulate the main equations of the model in the present manuscript, or in a supplement. This would make the similarities and differences between the two models more apparent, and highlight relations between the model's parameters. In particular, it is not clear whether non-Ohmic GJ conduction is used for the baseline model, or if the original Ohmic formulation from \[5\] is used. Furthermore, it would be interesting to see the effect of discretization parameters both for the baseline model and the homogenized model. Does the conduction velocity of the baseline model change if the number of nodes per cell is increased or reduced? And what about the discretization of the NOM and LHM models?

Minor issues:

\- One page 3, lines 16-20, the discussion of existing literature could be more precise. The main topic of reference \[5\] is the study of sodium channel distribution related to GJs, which is not addressed in the present paper, and not to the GJ conduction itself.

\- Page 3, lines 30-34: The formulation suggests that the monodomain model is based on the assumption of isotropic conductivity, which is not the case. Also, the most relevant model to reference in this context would be the bidomain model, since this is considered the most accurate model of cardiac electrophysiology, but is also based on the Ohmic assumptions used for the cable equation.

\- Page 4, lines 48-51: The sentence is incomplete.

\- Page 4, lines 63-65: I assume the current referred to is a transmembrane current, but it would be useful to make this explicit.

\- Page 5, line 68: Is the LHM model the same model that would be obtained from inserting Ohmic GJc in the homogenization applied in this paper? If so, it could be useful to formulate it in this way, to make the model formulation and parameter specification more precise.

\- On page 5, lines 74-79, it would improve readability if the change of GJc was explicitly referring to model parameter, stating which parameters are changed in the three models (LHM, NOM, baseline).

\- Page 8, lines 142-143: Although capturing the low-conductance behavior is a strong feature of the proposed model, I would not describe the result as "remarkable". As far as I can tell, all the proposed GJc models tested in the paper effectively shut down conduction as the voltage difference becomes large. Since low GJc will lead to increased cell-to-cell voltage difference, it is quite intuitive that the proposed models give conduction slowing compared with an Ohmic model. This could be commented on in the discussion.

\- Page 10, eq (4): Why is the voltage jump divided by the cell length? (And there seems to be a mix of subscripts j and k)

\- Page 11, line 211: Why is the ionic current a mapping from (R x R) to R?

\- Page 11, line 227: The authors are to be applauded for intending to make all codes available for download. However, the listed github-repository is empty.

Reviewer \#3: Review is uploaded
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**Have all data underlying the figures and results presented in the manuscript been provided?**

Large-scale datasets should be made available via a public repository as described in the *PLOS Computational Biology* [data availability policy](http://journals.plos.org/ploscompbiol/s/data-availability), and numerical data that underlies graphs or summary statistics should be provided in spreadsheet form as supporting information.
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23 Dec 2019

Dear Dr Hurtado,

Thank you very much for submitting your manuscript, \'Non-ohmic tissue conduction in cardiac electrophysiology: upscaling the non-linear voltage-dependent conductance of gap junctions\', to PLOS Computational Biology. As with all papers submitted to the journal, yours was fully evaluated by the PLOS Computational Biology editorial team, and in this case, by independent peer reviewers. The reviewers appreciated the attention to an important topic but identified some aspects of the manuscript that should be improved.

We would therefore like to ask you to modify the manuscript according to the review recommendations before we can consider your manuscript for acceptance. Your revisions should address the specific points made by each reviewer and we encourage you to respond to particular issues Please note while forming your response, if your article is accepted, you may have the opportunity to make the peer review history publicly available. The record will include editor decision letters (with reviews) and your responses to reviewer comments. If eligible, we will contact you to opt in or out.raised.

In addition, when you are ready to resubmit, please be prepared to provide the following:

\(1\) A detailed list of your responses to the review comments and the changes you have made in the manuscript. We require a file of this nature before your manuscript is passed back to the editors.

\(2\) A copy of your manuscript with the changes highlighted (encouraged). We encourage authors, if possible to show clearly where changes have been made to their manuscript e.g. by highlighting text.

\(3\) A striking still image to accompany your article (optional). If the image is judged to be suitable by the editors, it may be featured on our website and might be chosen as the issue image for that month. These square, high-quality images should be accompanied by a short caption. Please note as well that there should be no copyright restrictions on the use of the image, so that it can be published under the Open-Access license and be subject only to appropriate attribution.

Before you resubmit your manuscript, please consult our Submission Checklist to ensure your manuscript is formatted correctly for PLOS Computational Biology: <http://www.ploscompbiol.org/static/checklist.action>. Some key points to remember are:

\- Figures uploaded separately as TIFF or EPS files (if you wish, your figures may remain in your main manuscript file in addition).

\- Supporting Information uploaded as separate files, titled \'Dataset\', \'Figure\', \'Table\', \'Text\', \'Protocol\', \'Audio\', or \'Video\'.

\- Funding information in the \'Financial Disclosure\' box in the online system.

While revising your submission, please upload your figure files to the Preflight Analysis and Conversion Engine (PACE) digital diagnostic tool, <https://pacev2.apexcovantage.com>  PACE helps ensure that figures meet PLOS requirements. To use PACE, you must first register as a user. Then, login and navigate to the UPLOAD tab, where you will find detailed instructions on how to use the tool. If you encounter any issues or have any questions when using PACE, please email us at <figures@plos.org>.

We hope to receive your revised manuscript within the next 30 days. If you anticipate any delay in its return, we ask that you let us know the expected resubmission date by email at <ploscompbiol@plos.org>.

Two of the three reviewers are now satisfied with your manuscript, and the third ask for clarification of some technical issues that I hope you will be able to address. 

If you have any questions or concerns while you make these revisions, please let us know.

Sincerely,

Aslak Tveito

Guest Editor

PLOS Computational Biology

Daniel Beard

Deputy Editor

PLOS Computational Biology

A link appears below if there are any accompanying review attachments. If you believe any reviews to be missing, please contact <ploscompbiol@plos.org> immediately:

\[LINK\]

Reviewer\'s Responses to Questions

**Comments to the Authors:**

**Please note here if the review is uploaded as an attachment.**

Reviewer \#1: The authors have mostly addressed my concerns. However, there are still a few issues that I would like the authors to address.

1\. The inclusion of the instantaneous gap junction gating studies are a nice addition to the manuscript. The authors should more clearly describe the differences between the instantaneous and steady-state conductance levels. The authors simply state "Given the time-dependent behavior of the conductance of GJs ..." This explanation is not sufficient for the typical reader of the journal.

Related to this, while the authors have made efforts to more clearly highlight the time dependence of gap junctional gating, there is still no mention of the time scale for this gating process, specifically that the time to reach steady state can be on the order of seconds, which is longer than the cardiac action potential and certainly longer than the action potential upstroke. The manuscript highlights the significant differences between results when assuming instantaneous vs steady-state gap junction conductance levels; however the manuscript needs to also clearly highlight that steady-state values are only likely reached in cases of poor coupling when large magnitude Vj values can persistent for more than milliseconds.

2\. It is still not clear to me why the paper from Kucera, Rohr, and Rudy (ref 21) is highlighted as cellular model for comparison. As previously commented, this paper describes two model versions, the "non-cleft" and "cleft" version, with the non-cleft version serving as the control or comparison. The focus of that paper is on the cleft version that considers preferential localization of sodium channels and electric field or ephaptic coupling in the intercellular cleft. At a minimum, the authors should describe the cellular model as the "non-cleft" model from Kucera, Rohr, and Rudy, which is identical to the model illustrated in Fig. 2 in the revised manuscript.

However, this paper is far from the first to investigate discontinuous propagation in cardiac tissue and discretize the cell into multiple compartment, as in the non-cleft model. There are several earlier papers from Plonsey, Henriquez, and Rudy (and likely many others) using similar models. Diaz, Rudy, and Plonsey, Annals of Biomed Eng, 1983; Henriquez and Plonsey, Med & Biol. Eng. & Comput, 1987; and Shaw and Rudy, Circ Res, 1997 are three such examples.

3\. The instantaneous gap junction conductance for the Cx43-Cx43 and Cx45-Cx45 pairs shown in Figure 3 do not appear to be symmetric with respect to Vj (although it is somewhat difficult to tell this by eye). Are these relationships asymmetric and if so, why? It is not obvious why the directionality should matter in homotypic channels.

4\. Is the shortest CL values in the CV restitution curves in Fig. 7 the shortest CL that elicited propagation in each case, or do all curves run to some value around 300 ms? If the later, simulations should be run for CL values down to the loss of propagation or capture for each case. This will demonstrate if there are differences between loss of propagation between the different cases. The CV restitution curves are typically much steeper for these short CL values, and thus there are likely to be much greater differences between the different cases. This is particular relevant to simulation of tachyarrhymias.

Minor:

1\. For the results shown in Figures 4-6 and 8, what is the pacing cycle length used? This should be included in either the text or figure captions.

Reviewer \#2: The authors have addressed all the concerns I had with the original manuscript.

Reviewer \#3: The revision is satisfactory.

\*\*\*\*\*\*\*\*\*\*

**Have all data underlying the figures and results presented in the manuscript been provided?**

Large-scale datasets should be made available via a public repository as described in the *PLOS Computational Biology* [data availability policy](http://journals.plos.org/ploscompbiol/s/data-availability), and numerical data that underlies graphs or summary statistics should be provided in spreadsheet form as supporting information.

Reviewer \#1: Yes

Reviewer \#2: None

Reviewer \#3: None

\*\*\*\*\*\*\*\*\*\*

PLOS authors have the option to publish the peer review history of their article ([what does this mean?](https://journals.plos.org/ploscompbiol/s/editorial-and-peer-review-process#loc-peer-review-history)). If published, this will include your full peer review and any attached files.

If you choose "no", your identity will remain anonymous but your review may still be made public.

**Do you want your identity to be public for this peer review?** For information about this choice, including consent withdrawal, please see our [Privacy Policy](https://www.plos.org/privacy-policy).

Reviewer \#1: No

Reviewer \#2: Yes: Joakim Sundnes

Reviewer \#3: No

10.1371/journal.pcbi.1007232.r004
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15 Jan 2020

Dear Dr Hurtado,

We are pleased to inform you that your manuscript \'Non-ohmic tissue conduction in cardiac electrophysiology: upscaling the non-linear voltage-dependent conductance of gap junctions\' has been provisionally accepted for publication in PLOS Computational Biology.

Before your manuscript can be formally accepted you will need to complete some formatting changes, which you will receive in a follow up email. Please be aware that it may take several days for you to receive this email; during this time no action is required by you. Once you have received these formatting requests, please note that your manuscript will not be scheduled for publication until you have made the required changes.

In the meantime, please log into Editorial Manager at <https://www.editorialmanager.com/pcompbiol/>, click the \"Update My Information\" link at the top of the page, and update your user information to ensure an efficient production and billing process.

One of the goals of PLOS is to make science accessible to educators and the public. PLOS staff issue occasional press releases and make early versions of PLOS Computational Biology articles available to science writers and journalists. PLOS staff also collaborate with Communication and Public Information Offices and would be happy to work with the relevant people at your institution or funding agency. If your institution or funding agency is interested in promoting your findings, please ask them to coordinate their releases with PLOS (contact <ploscompbiol@plos.org>).

Thank you again for supporting Open Access publishing. We look forward to publishing your paper in PLOS Computational Biology.

Sincerely,

Aslak Tveito

Guest Editor

PLOS Computational Biology

Daniel Beard

Deputy Editor

PLOS Computational Biology

Reviewer\'s Responses to Questions

**Comments to the Authors:**

**Please note here if the review is uploaded as an attachment.**

Reviewer \#1: The authors have addressed my concerns. Thank you. Note there is a Figure referencing typo on page 19, line 300.

\*\*\*\*\*\*\*\*\*\*

**Have all data underlying the figures and results presented in the manuscript been provided?**

Large-scale datasets should be made available via a public repository as described in the *PLOS Computational Biology* [data availability policy](http://journals.plos.org/ploscompbiol/s/data-availability), and numerical data that underlies graphs or summary statistics should be provided in spreadsheet form as supporting information.

Reviewer \#1: Yes

\*\*\*\*\*\*\*\*\*\*

PLOS authors have the option to publish the peer review history of their article ([what does this mean?](https://journals.plos.org/ploscompbiol/s/editorial-and-peer-review-process#loc-peer-review-history)). If published, this will include your full peer review and any attached files.

If you choose "no", your identity will remain anonymous but your review may still be made public.

**Do you want your identity to be public for this peer review?** For information about this choice, including consent withdrawal, please see our [Privacy Policy](https://www.plos.org/privacy-policy).

Reviewer \#1: No

10.1371/journal.pcbi.1007232.r006
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13 Feb 2020

PCOMPBIOL-D-19-01074R2

Non-ohmic tissue conduction in cardiac electrophysiology: upscaling the non-linear voltage-dependent conductance of gap junctions

Dear Dr Hurtado,

I am pleased to inform you that your manuscript has been formally accepted for publication in PLOS Computational Biology. Your manuscript is now with our production department and you will be notified of the publication date in due course.

The corresponding author will soon be receiving a typeset proof for review, to ensure errors have not been introduced during production. Please review the PDF proof of your manuscript carefully, as this is the last chance to correct any errors. Please note that major changes, or those which affect the scientific understanding of the work, will likely cause delays to the publication date of your manuscript.

Soon after your final files are uploaded, unless you have opted out, the early version of your manuscript will be published online. The date of the early version will be your article\'s publication date. The final article will be published to the same URL, and all versions of the paper will be accessible to readers.

Thank you again for supporting PLOS Computational Biology and open-access publishing. We are looking forward to publishing your work!

With kind regards,

Sarah Hammond

PLOS Computational Biology \| Carlyle House, Carlyle Road, Cambridge CB4 3DN \| United Kingdom <ploscompbiol@plos.org> \| Phone +44 (0) 1223-442824 \| [ploscompbiol.org](http://ploscompbiol.org) \| \@PLOSCompBiol

[^1]: The authors have declared that no competing interests exist.
